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Abstract-The analysis of the yield process of mild steel in the plane problems is presented.
The continuously distributed dislocations model of the edge component type is adapted with a
new application technique as the method of solving the elastic-plane problems. Hahn's equation
and the criterion of yield initiation proposed in the previous work [1] are employed as the
constitutive relations of mild steel. Examples are taken for the bending of straight beams which
is known to accompany the particular patterns with wedge-type plastic-zones. The calculated
plastic-zone patterns exhibit close resemblance to the actually observed ones and the scale
effect of the patterns given by the analysis is reconfirmed by the related pure bending exper
iments.

NOTATION
a, n material constants in constitutive equation

Ci, Cit Ci material constants in constitutive equation
G shear modulus
h half height of the beam

K, au material constants in the criterion of yield initiation
p normal stress on the surface

r. 6, z cylindrical coordinates
s tangential stress on the surface

x, y, z Cartesian coordinates
all' dislocation density tensor

(~p)1J plastic distortion tensor
f.Il,. unit permutation tensor

(f.P)ij, (-yp)ij plastic strain tensor
Ep equivalent plastic strain

(tp)ij plastic strain rate tensor
K elastic constant
v Poisson's ratio

iJliJv differentiation in the direction normal to boundary
a!i. stress tensor

a equivalent stressau deviatric stress tensor
a", T" stress due to unit normal force
a" T, stress due to unit tangential force

1. INTRODUCTION

Yielding of mild steel accompanies the plastic-zone pattern of wedge type which is
radically different from that expected by the classical theory of plasticity. In the pre
vious paper [1), the elastic-plastic problem was numerically analyzed by the method
of continuously distributed dislocations model. The constitutive relations of mild steel
were represented by Hahn's equation [2] and the newly proposed criterion for the yield
initiation which express the negative slope characteristic in the stress-strain diagram.
The numerical examples were taken for twisted round cross-section bars and square
ones. The plastic-zone patterns obtained by the calculations were the wedge type similar
to the observed ones and had a scale effect arisen from the material nature which is
indicated in the criterion of the yield initiation. The corresponding tortional experiments
[3) confirmed that the actual yield process is closely simulated by the analysis and that
the scale effect expected by the analysis exists also in the actual tortional yielding.

However, the process of the yielding has not been solved other than in the above
tortional, or in other words, anti-plane shear cases, in which both the stress and the
strain have virtually only one component of the combined shear type. The extension
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Fig. I. Plastic-zone pallerns in bent straight beams; (a) uniform mode. (b) wedge type mode.

of the problem to the general multi-axial ones can not be done without further advanced
knowledge of analyzing the elastic-plastic fields as well as adapting the constitutive
relations. In the present paper, an attempt is made for the extension to multi-axial state,
especially to the in-plane deformation cases by utilizing new techniques in the method
of continuously distributed dislocations model in elastic-plastic problems. The method
proposed here can not only be applied to the yield process of mild steel, but also be
applied widely to the general elastic-plastic problems. The examples are chosen for
the bending of straight beams, because the plastic-zone patterns radically different from
that given by the classical plasticity theory have been observed [4J, and the knowledge
about the scale effect of pattern is expected to be found. Figure l(a) illustrates the
plastic-zone pattern given by the classical plasticity theory and also observed in many
other ductile materials, while in Fig. l(b), the mode which occurs typically in the
bending tests of mild steel beam is illustrated. In this paper, the numerical analysis of
the yield process is shown for the beams with various heights and further the relating
pure bending experiment is exhibited for the comparison with the analysis.

2. ELASTIC-PLASTIC ANALYSIS IN PLANE PROBLEMS

In order to interpret a mechanical phenomenon by analyzing the elastic-plastic con
tinuum problem, the considerations should be taken at two different levels. One is the
application of the constitutive relations which represent the mechanical nature of the
material in relation to the considered phenomenon, and the other is the means for
solving the continuum problem, i.e. the method of determining the stress and strain
field in the elastic-plastic body for the applied conditions. Both of them used in the
restricted form in the previous work are extended here to apply to the general plane
problems.

2.1. Constitutive relations
In the previous work, Hahn's equation and the criterion for the yield initiation were

applied as the constitutive relations of mild steel. They appeared in the combined shear
form in the actual numerical procedure, however, the generalization of the relations
to the multi-axial state were described there by the use of the equivalent stress and
the equivalent plastic strain concept [5]. The generalized Hahn's equation is

while the general form of the criterion for the yield initiation is expressed as,

(2)

where alav means the differentiation in the direction normal to the boundary. As men
tioned in the paper, these extensions to the multi-axial state are not universally ap
plicable but are valid in the case when the proportion of the plastic strain components
does not change remarkably during the loading. The bending of straight beams is con
sidered to be the case in which this condition is satisfied, so that the eqns (l) and (2)
are adapted to the present problem in the next Section.
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2.2. Continuously distributed dislocations model
The method of continuously distributed dislocations model is thought to be powerful

means for solving the elastic-plastic problems when the boundary condition of the
considered body is rather simple. In the previous work, due to the anti-plane problem,
the dislocation employed was of the one component screw type with both the dislocation
line and the Burgers vector normal to the plane, and the elastic-plane field could be
treated without difficulty. However. two problems arise in the case of the plane prob·
lem. One is that the deformation involves not only in-plane plastic deformation but
also anti-plane plastic deformation and each of them induces couple of edge disloca
tions. The other is that the stress field of an edge dislocation in a body with boundaries
is not given easily even in case of simple boundaries. A method of solving these prob
lems is proposed here.

The density of the continuous distribution of the dislocation Othi is described by the
plastic distortion (Pp)ij as [6),

(3)

In the plane problem, taking the Cartesian coordinates xyz so that the xy-plane becomes
the considered plane, the dislocation density tensor has the following edge components
given by the plastic strain (Ep)xo (Ep)y, ("{p)xy and (Ep)t, namely,

(4)

and

(5)

where the engineering notation is taken concerning to the shear strain components. It
should be noted that the plastic distortion components (Pp)YX and (Pp)xy in (4) can be
arbitrarily taken under the condition that

(6)

The stress in the elastic-plastic body comprises the internal stress due to the plastic
deformation and the additional stress which satisfies the externally applied conditions.
The former can be expressed as the integration of the stress due to each distribution
of the dislocations. In the plane problem, the stress due to the plastic deformation can
be obtained by superposing the stress due to in-plane plastic deformation (Ep)x, (Ep)y
and ("{p)xy, and the stress due to anti-plane plastic deformation (Ep)t. The in-plane plastic
deformation can be represented by the edge dislocations with the Burgers vector in
the plane. i.e. given by (4). As the stress fields of the unit discrete dislocations are well
known. the total stress due to the in-plane plastic deformation in the infinite body
becomes

2G foc foc<TAx, y) = (1) [-(y - y'){3(x - X')2 + (y - y')2}atx(X', y')
11' K + -...- ...
+ (x - x'){(x - X')2 - (y - y')2}az.y(X', y')]{x - X')2

+ (y - y')2}-2 dx' dy',

2G f'" f'"<Ty(x, y) = (1) [(y - y'){(x - X')2 - (y - y')2}atx(X', y')
11' K + -...- ...
+ (x - x'){(x - X')2 + (y - y')2}OttY(X', y')]{(x - X')2
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for the plane stress,

for the plane strain,

+ (y - y')2}-2dx' dy',

2G Joe foe
Txy(X, y) = 'Tr(K + 1) -oe -oc [(x - x'H(x - X')2 - (y - y')2}azx(x', y')

+ (y - y'){(x - X')2 - (y - y')2}azy(x', y')]{(x - X')2

+ (y - y')2} -2 dx' dy',

{

O'z(X, y) = V{<T..(X, y) + <Ty(X, y)}

<TAX, y) = 0

(7)

where v is the Poisson's ratio and K = 3-4v for the plane strain or K = (3 - v)/O +
v) for the plane stress. On the other hand, the stress field due to the anti-plane plastic
deformation (Ep)z is evaluated here directly without calculating the stress of each dis
locations given in (5). In the case of the plane stress condition, the plastic strain (Ep)z
exerts evidently no stresses, while, in the case of the plane strain, the stress due to
(Ept: is derived as follows. (Although the total strain Ez = 0, the plastic component of
the strain (Ep)z may exist under the general plane strain condition.) First, the case is
considered in which the plastic strain (Ep)z is distributed uniformly in the cylinder with
the radius ro and the axis coincident with the z axis. The stress field in this case is
obtained from the strain suppression solution superimposed upon the solution of the
internally pressured cylindrical hole to balance the radial stress at r = roo The solution
is

Gv
<Tn = <T9 = - -1-- (Ep)z, <Tz =

- v

Gv riJ
<Tn = -<T6 = - ~;3 (Ep)z,

for 0 ;:§i r < ro,

for r 6; roo

(8)

Txy(X, y) =

By the use of the above equations with the transformation to the xy-coordinates, the
stress field due to the distributed plastic strain (Ep>z(X', y') in the infinite body is obtained
as,

Gv J'" J'" (x - X')2 - (y - y')2 ""
<TAx, y) = - (1) {( ')2 + ( ')2}2 (Ep>z(X , Y ) dx dy

'Tr - V -"" -oc X - X Y - y

Gv
- -1- (Ep}z(X, y),

-v

Gv J'" J"" (x - X')2 - (y - y')2 ""
<Ty(X, y) = (1) {( ')2 + ( ')2}2 (Ep>z(X , Y ) dx dy

'Tr - v _00 -00 x - x y - Y (9)

Gv
- 1 - v (Ep>z(X, y),

Gv Joe Joo 2(x - x')(y - y') () (' ') dx' d '
- (I) {(. ')2 + ( ')2}2 Ep z X , Y Y ,'Tr - V -'" -oc X - X Y - Y

2G
- -1- (Ep>z(X, y).

- v

The sum ofthe stress fields (7) and (9) is the internal stress due to the plastic deformation
in the infinite body under the plane strain condition.

The more practical problem in which the body is not infinitely extended but is con
toured by the traction free surface is considered next. In the case of the screw dislo
cation appeared in the previous paper [1), the stress field in the body with the traction
free surface is easily obtained by putting an image dislocation or arrays of image dis-
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locations at the appropriate sites. However, this method is not suitable for the case of
the edge dislocations. because it is difficult to find a single image dislocation or simple
configuration of image dislocations which cancels both the normal and the tangential
components ofthe traction on the supposed free surface. In this case, a practical method
may be that instead of cancelling the surface traction due to the individual dislocations,
the stress field due to the total plastic deformation is calculated on the assumption of
infinite body first. und the elustic solution cancelling the traction on the surface is
superimposed upon it. As the clastic solution to satisfy the surface condition, techniques
of solving usual elastic problems may be utilized. For example. in the case of a straight
beam with the height 2h (the beam lies between y = ± h), the problem turns to finding
the elastic solution ofthe beam. the upper and the lower surfaces ofwhich are subjected
by the stress distribution induced by the plastic deformation. This becomes essentially
the solution of an integral equation, since the analytical solution of the stress field in
a semi-infinite elastic body (y ~ h) subjected by a concentrated force at a point x =
0, y = h on the surface is known as [7]

2 xl(y - h)
(unlx(x, y) = :;; {x2 + (y _ h)2}2 '

2 (y - h)3
(un),,(x, y) = :;; {xl + (y - h)2}2 ,

2 x(y - h)2
(Tn)xy(X, y) = :;; {xl + (y _ h)2}2 ,

for the unit normal force and

2 x3

(u,)xCx. y) = :;; {xl + (y - h)2J2 •

2 x(y - h)2
(u,}y(x, y) = :;; {xl + (y _ h)2}2 ,

2 x2(y - h)
(T,)...y(x, y) = :;; {xl + (y - h)2J2 '

(10)

(11)

for the unit tangential force, respectively. The solution of the integral equation is easily
obtained by the following iterative procedure. First, the initial stress on the upper
surface is calculated on the assumption of the infinite body and it is denoted by Po(x)
and so(x) for the normal and the tangential components, respectively. Next, the com
plementary stress cancelling the above stress is superimposed on the upper surface
and the resultant stress at the lower surface is calculated which is denoted by PJ(x)
and sJ(x), for the normal and the tangential components, respectively. This procedure
is repeated alternatively on either the upper or the lower surface, i.e. the stress com
ponents superimposed on the upper surface are

P2n(X) = f~oo P2n-I(X')(Un),,(x - x', -h) dx'

- J~. S2n-J(x')(u,)y(x - x', -h) dx',

S2n(x) = - J~... P2n-J(X')(Tn)XY(X - x', -h) dx'

+ J~"" S2n-J(X')(T,)xy(X - x', -h) dx',

(12)
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and on the lower surface, the superimposed stress components are

P2n+I(X) = J:<xP2n(X')(anMx - x', -h) dx'

+ J:<X S2n(X')(a,)y(x - x', -h) dx',

S2n+J(X) = J:<xP2n(X')(Tn}xy(X - x', -h) dx'

+ J:", S2n(X')(T,)xy(X - x', -h) dx'.

Usually the solution of this procedure is considered to converge rapidly.

(13)

3. NUMERICAL ANALYSIS OF THE YIELD PROCESS IN BENT BEAMS

By the use of the constitutive relations and the method of continuously distributed
dislocations model in the plane problem proposed in the previous Section, the numerical
calculations for the yield process of the bent straight beams were carried out. The
calculation procedure is similar to that of the tortional problems of the previous work,
namely, according to the description form of Hahn's constitutive equation, the problem
is treated as an initial valued problem of the first order differential equation. The stress
field for the known plastic strain field in the beam is calculated through the method of
continuously distributed dislocations model. For the given stress and strain field, the
criterion of the yield initiation is examined in the unyielded region and the plastic strain
increment is calculated by Hahn's constitutive equation. It is assumed that the condition
of the plane strain is satisfied and that the pure bending load is applied in the manner
oflinearly increasing moment. In the numerical calculations, the beam section is divided
into square elements, the sides of which are parallel or normal to the beam surface.

Although the plastic strain patterns actually appear are such as illustrated in Fig.
l(b), the uniform mode shown in Fig. Ha) should be at least one of the theoretical
solutions. The reason it does not occur is considered that the non-uniform patterns
existing as small irregularities in the material develop during the yield process owing
to the nature of the constitutive relations. Therefore, some kind of non-uniformity
should be introduced also in the numerical calculation to represent this effect. In the
present work, the criterion of the yield initiation is assumed to be satisfied on the
beginning of loading at a pair of symmetrical elements on the upper and the lower
surfaces of the beam. Further, in order to introduce the non-symmetricity with respect
to the vertiC<ll axis connecting the above elements, the plastic strain initiation is assumed
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Fig. 2. Calculated growth process of plastic-zone in the yiel~ing of a bent straight beam
(plane strain analysis); K/h = 3.33 x 10- 4

, cb = 1O- 4s- l
•
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Fig. 3. Effect of Klh on the calculated plastic-zone pattern in the yielding of a bent straight
beam (plane strclin analysis); ~ = 10- .5- 1; (a) parallel mode. (b) opposing mode, (c) sym

metrical mode.

to precede on one side elements at the first time when the criterion becomes satisifed
on both side elements in the process of the spreading of the initial plastic zone. Besides
these treatment, no special contrivance is added further.

In the numerical calculations, the same values as in the previous work were given
to the material constants in the constitutive relations (l) and (2), namely, Cj = 1098S - I ,

Ci = 10-4
, C3 = 1.1 X 10- 2, a = 1.5, n = 35 and (Tu/G = 3.9 x 10- 3• Besides, v

= 0.3 was added here. The manner of taking the time step interval in the calculation
was also the same as in the previous work. An example of the calculated growth process
of the plastic-zone in the plane strain analysis is shown in Fig. 2. Since the plastic
zone pattern is symmetrical with respect to the neutral axis, only the upper side of the
beam section is viewed in the figure. The loading rate was chosen as <i> = 10 - 4 S - I,

where <j) is the tensile strain on the upper surface at the infinite ends of the beam. The
non-dimensional parameter K/h was taken as 3.33 x 10-4, where h is the half height
of the beam. Figure 3 shows the plastic-zone patterns for K/h = 1.67 x 10- 4

, 1.0 X

10- 3 and 3.33 x 10- 3
• In the case of the twisted round bars calculated in the previous

work, the scale effect in the plastic-zone patterns appeared in the manner that the
number of plastic-zone wedges increases and the wedges become sharper as the di
ameter of the bar increases. However, the calculated plastic-zone patterns in Fig. 3
shows that in the case of the bent beams, the patterns are classified into three modes
according to the beam heights. When the beam is high, the plastic-zone wedge which
appears first in the beam develops sharply along the direction of maximum shear, i.e.
45° to the beam line, and the subsequent wedges develop in parallel to the first wedge
(parallel mode), while in the middle height beam, although the first wedge develops
similar to that of the high beam, the development of the second wedge is towards the
first wedge (opposing mode). On the other hand, in the low height beam, a wide plastic
zone wedge almost symmetrical with respect to the vertical axis develops without
producing subsequent separate plastic-zone (symmetrical mode).

4. EXPERIMENT

As stated before, it has already been known since the earlier time that the bending
of mild steel beams accompanies a particular plastic-zone pattern like that shown in
Fig. l(b). However, whether the scale effect obtained by the theoretical analysis of the
previous Section would actually exist or not bas not been examined experimentally
nor been paid attention to. In order to certify this effect, four point bending tests
changing the size of the specimen were carried out. The chemical composition of the
mild steel used in the experiment is listed in Table 1. The height of the specimen beam
was varied from 3 to 25 mm, while the width of the beam was kept the constant value
of IS mm. Figure 4 shows the example of the plastic-zone patterns of the bent specimens
visualized as the strain figures obtained by the Fry's etching method. From the figure,
it is seen that the plastic-zone pattern of the high beam is of the parallel mode type,
and as the height becomes lower, the pattern transits to the opposing mode as expected
by the theoretical analysis. However, the transition from the opposing mode to the
symmetrical one in the lower beam region is not sufficiently clear in the experiment
on account of the obscure strain figure in the small specimens. The fact that the higher
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Table I. Chemical composition of specimen materials used in bending experiment. (wt %)

C Si Mn P S Cu Hi Cr Al re

0.01 0.01 0.32 0.1" 0.11 0.02 0.03 0.01 0.009 hal

the beam. the sharper the plastic-zone becomes is the same tendency as in the calculated
results.

5. DISCUSSIONS AND CONCLUSIONS

The method of analyzing the yield process of mild steel in the plane problem was
established by extending the method of continuously distributed dislocations model
and the constitutive relations to the multi-axial state. The yield process of the bending

(8)

(b)

(c)

Fig. 4. Effect of the beam height on the plastic-zone pattern in the yielding of a bent straight
beam visualized as the strain figures; (a) 2h '" 2S mm, (b) 2h .. 10 mm, (c) 2h '" 3mm.
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of straight beams was analyzed as the numerical example of the plane problem and the
calculated plastic-zone patterns are closely similar to the actual ones. The method
presented here can be applied widely to the general elastic-plastic plane problems.

Concerning to the scale effect in the bending problem, the change in the mode of
the plastic-zone patterns may be qualitatively explained in terms of the applied stress
gradient in the normal direction to the beam surface. The stress at the inner region in
the high beam is closer to the stress on the surface than in the case of the lower beam
so that the region is more easily affected by the plastic strain on the surface and as the
results, the sharp wedge patterns may develop inwards, while in the lower beam, the
stress on the surface is relatively superior to that of the inner region so that the plastic
region is apt to widen along the surface. This explanation may directly apply to the
transition from the opposing mode to the symmetrical mode as well as the sharpening
tendency of the wedges with the beam height. The transition from the parallel to the
opposing mode is interpreted in a more complex manner. The total plastic displacement
in the wedge region which is defined as the integration of the plastic strain in the region
decreases more gradually along the wedge in the high beam than in the low beam, which
may also be explained by the above discussion. Due to the stress rearrangement by
this gradual decrease of the plastic displacement in the wedge, the position at which
the second plastic-zone wedge starts in the high beam becomes more apart from the
first wedge in relation to the wedge size. This effect on the second starting position is
seen in the numerical analysis of the present work. It is thought that the direction of
the maximum stress gradient at the second starting position transits from the inner
direction (Le. towards the first wedge) to the outer direction as the starting position
becomes apart.

The quantitative comparison between the result of the numerical analysis and that
of the experiment does not seem satisfactory concerning to the scale effect even though
the difference of the material is in consideration. If the value of K is taken as in the
previous work [1], the calculated plastic-zone patterns of Fig. 3(a)-(c) correspond to
the cases of h = 432.0 mm, 72.0 mm and 21.6 mm, respectively, which are fairly larger
than those of the bending experiment (Fig. 4). However, the experiment of the twisted
round bars has given a smaller value of K from the comparison with the calculated
plastic-zone patterns [3], and if the latter value is used, the cases of Fig. 3 correspond
to h = 90 mm, 15.0 mm and 4.5 mm, which are less different from those of the ex
periment. This fact suggests that the constants in the criterion of the yield initiation is
rather sensitive to the material and the estimation of the values by the experiment is
fairly influenced by the test conditions.

The numerical analyses of the present work and the previous work do not cover all
the types of loading, however, it can be stated that some kind of scale effect is nec
essarily involved in the yield process of mild steel under any type of loading, since the
criterion of the yield initiation includes a constant which is related with the dimension
of length.
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